Abstract. We propose as centrality measures for social networks two classical power indices, Banzhaf and Shapley-Shubik, and two new measures, effort and satisfaction, related to the spread of influence process that emerge from the subjacent influence game. We perform a comparison of these measures with three well known centrality measures, degree, closeness and betweenness, applied to three simple social networks.
Introduction and preliminaries
We propose to study networked societies, social networks or agent societies, from the social networking point of view. Social network analysis is a multidisciplinary field related to sociology, computer science and mathematics, among other topics. One of the most studied concepts is centrality, that measures how structurally important is an actor within a social network [4, 15, 8, 12] . Here we consider seven centrality measures: Banzhaf and Shapley-Shubik power indices through the use of influence games [10] ; two new measures, the effort and the satisfaction; and the classic ones [8] , degree, closeness and betweenness. We perform an experimental comparison on three simple real social networks, monkeys' interaction [3, 8] , dining-table partners [11, 2] , and student Government discussion [6, 2] .
A social network is a directed edge-labeled graph (G, w), where G = (V, E) is a graph without loops, V is the set of nodes representing individuals, actors, players, etc., E is the set of edges representing interpersonal ties between actors, and w : E → R is a weight function which assigns a weight to every edge, representing the strength of each interpersonal tie. An actor i ∈ V has influence over another j ∈ V if and only if (i, j) ∈ E.
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Degree centrality (C D ): measures the average indegree or outdegree of each actor,
Closeness centrality (C C ): It is based on the inverse of the sum of the shortest distances from i to the other actors. Let D be the usual distance matrix of the network in which, if there is no path from i to j, we set (D) ij = n. We define
Betweenness centrality (C B ): Let b jk the number of shortest paths from the node j until k, and b jik the number of these shortest paths that pass through i. If there is no path from j to k, we assume that b jik /b jk = 0. We define
Notation related to simple and influence games comes from [13, 10] . An influence graph is a tuple (G, w, f ) where (G, w) is asocial network and f : V → N a labeling function that quantifies how influenciable each actor is.
Given an influence graph (G, w, f ) and an initial activation set X ⊆ V , the spread of influence [7] , in the linear threshold model, is denoted by F (X), where F (X) ⊆ V is formed by the actors activated through an iterative process in which initially only the nodes in X are activated. Let F t (X) be the set of nodes activated at some iteration t, then at the next t + 1 iteration a node i ∈ V will be activated iff j∈F t (X) w((j, i)) ≥ f (i). The process stops when no additional activation occurs.
A simple game is a tuple (N, W) where N is a finite set of players and W is a monotonic family of subsets of N formed by the winning coalitions, such that if X ∈ W and X ⊆ Z, then Z ∈ W. An influence game is a simple game defined by a tuple (G, w, f, q) where (G, w, f ) is an influence graph and q is a quota 0 ≤ q ≤ |V | + 1. X ⊆ V is a winning coalition iff |F (X)| ≥ q, otherwise X is a losing coalition. Note that every simple game is an influence game [10] . From now on, we assume N = V and n = |N | = |V |.
Power indices and new centrality measures
A power index is a measure of the relevance of the players in a game [1, 5] . We consider the two main power indices of a given simple game (N, W). The Banzhaf index Bz(i) = |C i |/ i∈N |C i | and the Shapley-Shubik index SS(i) = ( S∈Ci (|S| − 1)! (n − |S|)!)/n!, where C i = {S ∈ W | S\{i} / ∈ W}. Power indices, in influence games, can be considered centrality measures because an actor is more central in a network while more necessary is for generating of winning coalitions. Moreover, influence games also provide other new criteria to determine measures of centrality. Let f (S) = i∈S f (i), for a coalition S ⊆ N . For an influence game (G, w, f, q), Effort(i) = min{f (S) | |F (S ∪ {i})| ≥ q}, the (minimum) effort required by the network to choose a winning coalition that contains a required actor. While greater is the required effort for a node, this node should be less central. Therefore, the effort centrality measure is the effort required to make the social network follows the opinion of an actor, i.e.,
The second new measure is the satisfaction centrality measure, based on the satisfaction score [14] , representing the level of satisfaction of each actor applied to an influence game (G, w, f, q), i.e.,
n , where
Cases of study
We consider three simple real social networks to compare the new centrality measures Bz, SS, C E and C S , with some traditional ones, C D , C C and C B . In each comparative table the three more central values will be highlighted in bold. We used enough significant digits to distinguish all the different values.
Monkeys' interaction. This is a network representing the real interactions amongst a group of 20 monkeys observed during three months next to a river provided in [3] . It is represented by an undirected graph with an edge {i, j} whenever monkeys i and j were witnessed together in the river. See Figure 1 , on the left. In order to analyze this network ((V, E), w) we assume, as usual, that every undirected edge {i, j} with i, j ∈ V represents in fact two arcs (i, j) and (j, i) of E, and the weight function is defined by w(e) = 1, for all e ∈ E. In our context, this means that a monkey can influence and be influenced by other monkey if and only if they have interacted. To define an influence game we have to set the quota and define the labeling function. We select q = 14, which corresponds to the maximum spread of influence which can be obtained from a monkey. We consider four labeling functions representing different influence requirements.
The Bz, SS, C E and C S measures have been computed for all these cases ( Table 1 ). Note that only isolated nodes for Bz, SS and C E , as well as the last column of C E assume a score exactly equal to zero. For (C1), the new measures are not good representatives. As the spread of influence is fluid, i.e., actors C3  C4  C1 C2  C3  C4 C1 C2 C3 C4 C1  C2  C3  C4  1 do not require too many restrictions to form winning coalitions, then all the non-isolated nodes have the same value. However, for the other cases in which differences between influence are relevant, only the pair of monkeys (10, 17) and (13, 15) assume the same value for Bz, SS and C S , allowing a more relevant classification.
Dining-table partners. This network represents the companion preferences of 26 girls living in one cottage at a New York state training school [11, 2] . See Figure 2 , on left. Each girl was asked about who prefers as dining-table partner in first and second place. Thus, each girl is represented by a node, and there is a directed edge (i, j) per each girl i preferring girl j as dining-table partner. Every node has an outdegree equal to 2: edges with weight 1 denote the first option of the girl, and edges with weight 2 denote her second option.
We could assume that a girl has some ability to influence another one which has chosen her as a partner. Figure 2 (on right) shows the corresponding network of this influence game, reversing each arc (i, j) by (j, i), so that a node points to another when the first one has some influence over the second one. Further, the weights of the edges must be exchanged, so that an original edge (i, j) with weight 1 now becomes in an edge (j, i) with weight 2, and viceversa. Because a girl has more influence over another one if that other has chosen her in the first place rather than in the second place. Of course, now every node has an indegree equal to 2: one edge with weight 1 and the other with weight 2. We consider a quota q = 14, so that a coalition is winning if and only if it achieves to convince (through its spread of influence) most of the girls absolute majority. For every node i ∈ V , we consider the following labeling functions: (C1) minimum, f (i) = 1; (C2) average, f (i) = 2; and (C3) maximum, f (i) = 3. Unlike in the previous network, here there are no isolated nodes, but we can still obtaining scores for Bz and SS equal to zero. See the columns of Bz-C1 and SS-C1 on Table 2 .
Indegree centrality C − D does not provide any relevant information, because the indegree for each node is always 2 (see Table 2 and Figure 3) . Similarly as it succeded in the previous network, Bz-C1, SS-C1, C E -C1 and C S -C1 have several nodes with the same rank, but while the required influence to convincement increases, the values of the measures are more diverse for the power indices and satisfaction centrality. Measures Bz-C2, SS-C2 and C S -C2, as well as C + D and C C , have only some values that are repeated, but measures Bz-C3, SS-C3 and C S -C3 have the same values only for girls 1 and 2. These girls are equivalent in this sense for all the other measures except by C B , in which, however, together with C E , girls 23 and 26 have the same centrality.
Girl 15 has a high centrality in all measures, as well as girl 9, except in C E -C2, as well as in Bz-C2 and SS-C2, where is far less central. Girl 13 is fairly central exclusively in C + D , because despite of its high outdegree, only exist paths from this node to another four, which is a severe restriction for all other measures. C3  C1  C2  C3  C1 C2 C3  C1  C2  C3  1 Student Government discussion. The last case of study starts with the social network illustrated in Figure 4 . This network represents the communication interactions among different members of the Student Government at the University of Ljubljana in Slovenia. Data were collected through personal interviews in 1992 and published by [6] , being used later by [2] .
Every directed edge is a communication interaction and all of them have the same weight equal to 1. Each node is a member of the Student Government, and unlike the previous cases, here nodes are labeled beforehand: There are three advisors labeled 1, seven ministers labeled 2, and one prime minister labeled 3.
We modified slightly this network to obtain the influence graph of Figure 4 . We assume that every communication interaction is an attempt to influence another student. Thus, the capacity to influence depends on the student's position. For instance, the advise of a prime minister does not have the same effectiveness -marked with weight 3-than the advise of an advisor -marked with weight 1. Furthermore, as the labels of the nodes should represent the difficulty of each student i ∈ N to be influenced, according to their position in the Student Government, then they have been changed by the following values: f (i) = 1, if i is an advisor; f (i) = deg − (i)/2 , if i is a minister; and f (i) = deg − (i), if i is the primer minister. We consider a majority influence required to win, setting q = 6 (see Table 3 and Figure 4) .
Traditional measures provide different rankings. In fact, none of the most central nodes measured with C C and C B coincide, and while the most central node for C C is the advisor 10, this is the less central according to C B . Moreover, the ministers 3 and 1 are very central for C C but with C B are at the bottom of the ranking. This is because nodes 1, 3 and 10 have a high accessibility to all other nodes, but however, they are not good intermediaries for connecting Table 3 . Comparison for the Student Government discussion networ and q = 6. distant nodes through paths. Nevertheless, nodes 1, 3 and 10, as well as ministers 5 and 6, have a high score for measures Bz, SS and C S . Thi is so since the spread of the influence over the other students, starting from the coalitions where they participate, is often necessary to overcome the required quota q. The same occurs for C E , except for the minister 6, which is a bit less central.
Conclusions and future work
Our main motivation in this work was to use influence games as a way to propose additional centrality measures coming from the field of cooperative game theory. The framework of influence games derives a connection between social network analysis and spread of influence in decision processes. We exploit this link with simple game theory to propose new centrality measures: Banzhaf, ShapleyShubik, Effort and Satisfaction. This is the first approach to apply power indices as centrality measures for social networks (for specific game-theoretic networks [9] has been used the Shapley-Shubik index as centrality measure). Our results do not contradict the relevance criteria provided by traditional centrality measures like degree centrality, closeness or betweenness. In some cases such measurements are similar to our measurements, but there are also cases where the results have been quite different. Indicating that an additional study on more realistic social networks is of interest.
Our proposal can be extended to other power indices [5] and measures, it will be of interest to determine which of them provide relevant rankings for social network analysis. Finally, we want to mention that there are other well known concepts related with players in simple games, such as dummy, vetoer or dictators [13] , that could provide interesting properties of actors in a social network.
